This is a continuation of [7, 8] . The splitting theorem, the shifting theorem and some related results at a critical point established for a class of nonsmooth functionals on a Hilbert space H in [7] are generalized to the cases at critical submanifolds and orbits.
Introduction and statement of the main results
The Gromoll-Meyer's splitting lemma at degenerate critical points for C 3 -smooth functionals on Hilbert spaces in [3] and its generalizations to C 2 -smooth functionals on Hilbert spaces ( [1, 10] ) are very important for applications of infinite dimensional Morse theory in studies of differential equations and geodesics. Recently, motivated by DucHung-Khai [2] and others we [7, 8] established splitting theorems and shifting theorems for a class of continuously directional differentiable functionals (lower than C 1 ) on a Hilbert space H which have higher smoothness (but lower than C 2 ) on a densely and continuously imbedded Banach space X ⊂ H at a critical point lying in X and infinity, respectively. When considering cases at more general critical submanifolds and orbits, different from one done for C 2 -smooth functionals on Hilbert-Riemannian manifolds ( [1, 10, 12] ) it is troublesome for us to formulate corresponding exact forms and to prove them rigorously. A preliminary version appeared in [6, §3] . The purpose of the present work is to give a complete presentation.
The case of critical manifolds
In order to state the main results we need to give some notations and assumptions. Let the Banach space (X, ∥ · ∥ X ) and the Hilbert space (H, (·, ·) H ) satisfy the condition (S) in [7, §2] , that is, X is a dense subset of H and ∥x∥ := √ (x, x) H ≤ ∥x∥ X ∀x ∈ X. We assume:
(S ) (H , ((·, ·))) is a C 2 Hilbert-Riemannian manifold modeled on H, (X , ∥ · ∥ X ) is a C 2 Banach-Finsler manifold modeled on X, such that X is a dense subset of H , and that the inclusion X → H is C 2 -smooth, and that for any x ∈ X , { ∥u∥ x ≤ ∥u∥ X ,x ∀u ∈ T x X ⊂ T x H , exp x (u) ∈ X if u ∈ T x X sits in the domain of exp, where ∥v∥ x = ∥v∥ H ,x := √ ((v, v)) x for v ∈ T x H , and exp is the exponential map of the Riemannian metric ((·, ·)). (Note: exp is C 1 and T H is a C 1 -Hilbert vector bundle over H with respect to ((·, ·)), cf. [5, Chap.VII,
§3]).
Let O ⊂ H be a compact C 2 submanifold without boundary, and let π : NO → O denote the normal bundle of it. The bundle is a C 1 -Hilbert vector bundle over O, and can be considered as a subbundle of T O H via the Riemannian metric ((·, ·)). For ε > 0 we denote by
NO(ε) X := T O X ∩ NO(ε).
The first is the normal disk bundle of O of radius ε. (F 2) There exists a continuous map A from NO(ε) X to XNO, which commutes with bundle projections, such that the restriction of it to each fiber NO(ε) X x = T x X ∩ NO(ε) x , A x , is continuously directional differentiable (and hence has a Gâteaux derivative DA x (v) ∈ L(XNO x ) at every v ∈ NO(ε) X x ), and strictly Fréchet differentiable at the origin θ x ∈ NO(ε) X x and
uniformly in x ∈ O as (u, v) → (θ x , θ x ) and u ̸ = v, and also satisfies 
there exists a C 1 local Hilbert bundle trivialization,
for a Hilbert subspace H α of H, which induces a C 1 Banach bundle trivialization,
Moreover, the map
is a compact linear operator with the following properties:
(D1) All eigenfunctions of the operator B α (x, θ ) (and hence B x (θ x )) that correspond to negative eigenvalues belong to X ∩ H α (and hence T x X ∩ NO x );
The following is the first main result of this paper, which is the corresponding version of critical manifolds of Theorem 2.1 in [7] . Theorem 1.1. Under the above assumptions (S ), (F ), (C ) and (D), there exist ρ > 0, a topological bundle morphism that preserves the zero section, 
to an open neighborhood of the zero section of NO,
which is a bundle morphism preserving the zero section, such that the following properties are satisfied: 
is C 2−0 , has an isolated critical point θ x , and dL
, and the functional L is C 2 , then the above assumption conditions can be largely simplified and we get a convenient result as a consequence of Theorem 1.1, Theorem 4.1.
The basic ideas to prove Theorem 1.1 is similar to that of [7, Theorem 2.1] , that is, using [7, Theorems A.1,A.2] (the parameterized version of Morse-Palais lemma in [2] ). But some new difficulties must be overcome with some new observations in Section 4.
On the total space of the bundle
Let L | O ≡ 0 without loss of generality. Recall that the critical groups of L at O with coefficients in an Abel group
where U is a neighborhood of O in H . Identifying O with the zero section of the vector bundle over it and noting that the deformation
where (1.8) . By the Thom's isomorphism theorem, from (1.9) we derive 
induce surjective homomorphisms from K-coefficients relative homology groups of the former to one of the latter.
1.2.
The case of critical orbits. In this case the assumptions in Section 1.1 can be simplified. We make the following: Assumption G (i) Let G be a compact Lie group, and let H be a
) is a C 1 bundle map satisfying gT x H = T g·x H ∀x ∈ H .) Furthermore, this action also preserves the Riemannian-Hilbert structure
is said to be a C 2 G-Riemannian-Hilbert manifold). We also assume that X is G-invariant and that the induced action on X is C 2 -smooth and satisfies
( The C 2 -smoothness of the induced action on X implies that (F 1) holds true if an orbit O = G · h with h ∈ H is contained in X . It is a direct application of Proposition 6.2.13 in [9] .) (ii) The functional L is G-invariant, and O is an isolated critical orbit (being a C 2 critical submanifold) with Morse index µ O .
The second assumption in (ii) is slightly stronger than the usual one. It includes the case of closed geodesics. We restrict to this case for simplicity.
From now on, without special statemens we always assume that H , X , O and L are as in Assumption G and also satisfy the above assumptions (S ) and (
for any g ∈ G and (x, v) ∈ H . It follows from this and (F 2)-(F 3) that
for any g ∈ G and (x, v) ∈ XNO(ε). Suppose that for some x 0 ∈ O the maps A x 0 and B x 0 satisfy the conditions as
Then (1.11) implies that the conditions (C 1) and (C 2) hold for A and B. Moreover, if for some x 0 ∈ O the map B x 0 satisfies the condition as (D) in [7, Section 2.1], then it is easily checked that at each x ∈ O the map B x 0 satisfies the condition. Applying [7, Lemma 2.13 ] to the map A x 0 we get a 0 < ρ ≪ ε and a Lipschitz continuous map
which is strictly Fréchet differentiable at θ x 0 , such that h x 0 (θ x 0 ) = θ x 0 and
Furthermore, the function L
is C 2−0 , and dL
where g · x 0 = x. Clearly, it is continuous, G-equivariant and satisfies those conclusions in Theorem 1.1. Moreover, the map F :
Note in the present situation that we can immediately obtain Lemmas 2.3 and 2.4 in next section by (1.11) and Lemmas 3.3 and 3.4 in [7] . This leads to 
Since we have assumed NO to be trivial, for any
As in the proof of [7, Corollary 2.6] we can get
for q, j = 0, 1, · · · . The desired claim is proved.
From Corollary 1.3 we may derive the corresponding results with Corollaries 2.7, 2.9 in [7] .
Corollary 1.4. Under the assumptions of Corollary 1.3, we have:
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(1.14) 
Proof. (i) and (iv) are easy. Let us prove (ii). By Corollary 1.3,
x , and a contradiction is derived as above. Now we obtain
. 
By the assumptions, [7, Corollary 2.9(ii)] implies that θ is of mountain pass type if and only if
The latter is equivalent to (1.14) by Corollary 1.3. 2
Sometimes, without using Theorem 1.2 we can also obtain shifting theorems of other forms with the theory in [7] provided that the functional L satisfies stronger assumptions.
Theorem 1.3. Under the above assumptions (S ) and Assumption G , suppose that the functional L is C 2−0 and satisfies the (PS) condition. If O has trivial normal bundle and for some x ∈ O the functional
for any Abel group K and any q ∈ {0} ∪ N.
and µ x is the Morse index of E x at 0 x . (Actually we may prove that these hold for any x ∈ O and all µ x are same).
is a Gromoll-Meyer pair of E y at its isolated critical point 0 y satisfying
Under the assumptions of Theorem 1.3 Corollary 1.4 still holds. When the isolated critical orbit O has no trivial normal bundle we may also obtain a shifting theorem for G-critical groups. Actually G-Morse theory is more convenient in many applications.
the q th G critical group of O, q = 0, 1, · · · . As in the proof of [1, Theorem 7.5] using Theorem 1.2 we may deduce that 
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Consider the functional
Under the present assumptions it is C 2 , satisfies the (P.S) condition and has a unique critical orbit O. As in the arguments above Corollary 1.1, with G-deformation
, where the second " ∼ =" comes from the usual G-Morse theory. By Lemma 4.8 in [13] and its remark in [13, p.150 
(ii) f has only nondegenerate critical orbits and their indexes are in
Now the desired result can be derived as in [11] . (We may also apply the lemma in [11, p.222 ] to the functional L to derive the claim.)
Similarly, many results in past critical point theory framework and [8] can be generalized to our situation. They are omitted for shortening this paper.
Organization of the article. Theorem 1.1 will be proved in Section 2. Then in Section 3 we give the version of critical manifolds in [4, Theorem 2.5] and discuss some consequences. Section 4 includes some remarks and an auxiliary result.
2 Proof of Theorem 1.1 By (1.5) X ∩ H α is a Banach subspace of X, and with respect to the induced topology from X the map
is continuous, and continuously directional differentiable with respect to the second variable. Moreover, for any compact subset K α ⊂ U α , A α is uniformly (in x ∈ K α ) strictly Fréchet differentiable at the origin θ of X ∩ H α with respect to the second variable by (1.1), that is, one has
and e 1 ̸ = e 2 , and there holds (
From (1.3) we get an orthogonal decomposition
where 
such that Ω α (x, e) → 0 as ∥e∥ → 0, and that 
Using (D2) and an indirect argument we can obtain Claim 2.1. By shrinking O(x) there holds
As in the proof of [7, Lemma 3.3] , for any
By Claim 2.1 and (D2) we derive
uniformly in y ∈ O(x) as e ∈ X ∩ H α and ∥e∥ → 0. Finally, the desired conclusion follows from the compactness of K α . 
Proof.
(ii) is a direct consequence of Lemma 2.1, see the proof of [7, Lemma 3. Assume by contradiction that (i) does not hold. Then there exist sequences
Passing a subsequence, we may assume:
Since H α is a closed linear subspace of H, g 0 must belong to H α and g n ⇀ g 0 in H α . We claim: g 0 ̸ = 0. In fact, by the condition (D4) we have
for all large n. As in the proof of [7, Lemma 3.4] we may arrive at
In particular, we have
From (2.4)-(2.6) it follows that
This implies g 0 ̸ = 0. Note that
We derive from this and (2.6)-(2.7) that lim inf
because of the condition (D2) and (2.7). In particular, this implies
From these, (2.4) and (2.8) it follows that
On the other hand, by (2.3) we have
which contradicts to (2.10). The desired conclusion is proved.
By the compactness of O we can choose a finite number of C 1 Hilbert bundle trivializations as in (1.4), τ (α i ) : 
By the condition (D1), the finite rank subbundles of For x α ∈ O let τ α and A α be given by (1.4) and (2.1), respectively. For a compact subset K α ⊂ U α containing x α , and * = −, 0, +, let
Then we have an orthogonal decomposition H α = H − α ⊕ H 0 α ⊕ H + α and the orthogonal projections P * α from H α onto H * α , * = −, 0, +. Moreover, H + α , H − α and H 0 α are the positive definitive, negative definite and zero spaces of B α (x α , θ ), respectively. By (C 2), H 0 α and H − α are contained in X, and there exists a topological direct sum decomposition
. Let X + α = H + α ∩ X be equipped with the induced topology by X. Consider the map
It is continuous, and for each fixed (x, e 0 ) the map
is continuously directional differentiable, and the map
is strictly Fréchet differentiable at (θ − , θ + ) uniformly in x ∈ K α . By the compactness of K α and H 0 α ∩B X (θ , ε) we can prove that there exist δ 1α ∈ (0, ε) and δ 2α ∈ (0, ε) such that for each
] or the proof of it there exists a unique map
Furthermore, h α is continuous, and for each x ∈ K α the map e 0 → h α (x, e 0 ) is also 2-Lipschitz continuous and strictly Fréchet differentiable at e 0 = θ 0 .
Since O is compact we can choose finitely many such charts (τ α i , U α i ) as in (1.4) and corresponding compact subset
Then there exist δ 1 and δ 2 in (0, ε 1 /4) such that for i = 1, · · · , s,
and that for every
• has the image contained in
and
• is λ x -contraction with respect to the norm ∥ · ∥ X ,x for some λ x ∈ (0, 1). Hence there exists a unique map
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it is easily checked that the last equality implies
By the uniqueness of solution of (2.13) in this set we get
. Then with the induced topology from T O X the map
is continuous, commutes the bundle projections and maps the zero section to itself. In addition, the restriction h x of it to each fiber N 0 O(2δ ) x is Lipschitz continuous, strictly Fréchet differentiable at θ x and satisfies
By shrinking δ > 0 we can assume that v 0 + h x (v 0 ) is contained in the domain of the exponential map exp for each
On the other hand, applying [7, Lemma 3 .1] to each L • exp x , we get (by shrinking δ > 0 if necessary) that the function
is C 2−0 , and that dL • x is strictly F-differentiable at v 0 = θ 0 x , and
It is continuous, and continuously directional differentiable. For
Let us choose ε 2 ∈ (0, δ /2) so small that
As in the proof of [7 
Denote by bundle projections Π 0 : N 0 O(ε 2 ) → O and
Moreover, for each η > 0 we write
Similarly, B η (E * ) andB η (E * ) ( * = +, −) are defined. Let J : B 2ε 2 (E ) → R be given by
It is continuous, and continuously directional differentiable. From (2.16) and Lemma 2.4 we directly obtain Lemma 2.5. The functional J λ satisfies the conditions in Theorem A.2 of [7] . Precisely, for each λ ∈ Λ the functional J λ : B 2ε 2 (E ) → R satisfies:
By this we can use Theorem A.2 of [7] to get ρ ∈ (0, ε 2 ), an open neighborhood U of the zero section 0 E of E in B 2ε 2 (E ) and a homeomorphism
International Scientific Publications and Consulting Services Moreover, for each λ ∈ Λ, ϕ λ (θ λ ) = θ λ , ϕ λ (x + y) ∈ E − λ if and only if x = θ λ , and ϕ is a homoeomorphism from B ρ (E − ) onto U ∩ E − according to any topology on both induced by any Finsler structure on E − .
Note that
where U is an open neighborhood of the zero section of
. By (2.18) we get a homeomorphism
and hence a homeomorphism from
which is a bundle morphism preserving the zero section. From (2.15), (2.17) and (2.19) it follows that Φ satisfies
The other conclusions easily follow from the above arguments. Theorem 1.1 is proved. 
(S P3) O ⊂ X is a compact C 3 submanifold of any one of three manifolds X , Y and H . And X , Y and H induce an equivalent C 3 -smooth manifold structure (including topology) on O.
As in the proof of Theorem 4.3 at the end of this paper we can prove that Y NO :
Suppose that a functional L : H → R satisfies the following conditions: 
There exists a continuous map B from NO(ε) Y to L s (NO), which commutes with bundle projections, such that the restriction of it to each fiber
, and the conditions (C 1)-(C 2). [[ As before, the condition implies that
As in the proof of Theorem 4.3 we obtain that
there exists a C 2 local Hilbert bundle trivialization,
which induces C 2 Banach bundle trivializations,
where H α is a Hilbert subspace of H. [[ So X ∩ H α and Y ∩ H α are Banach subspaces of X and Y , respectively, and the map
is C 1 (with respect to the induced topology from X), and the map
is continuous and satisfies
Note now that the map A α in (2.11) is C 1 and that the differential
is a Banach space isomorphism by (2.2) and the fact that each B α (x, θ ) satisfies (C 1)-(C 2). Hence for any compact subset K α ⊂ U α we can use the implicit function theorem to find an open neighborhood V (K α ) ⊂ U α , a positive number δ α and a unique function
which is also C 1 , such that
. By the compactness of O, as above we can find δ 1 , δ 2 in (0, ε 1 /4) and a C 1 map (with the induced C 1 structure from
which commutes the bundle projections and maps the zero section to itself, to satisfy
Take 0 < δ ≪ δ 1 , δ 2 so that the following map is well-defined,
This is C 1 , and for each fixed x ∈ O the restriction of it to the fiber
, is also C 2 as showed in [7, Remark 3.2] . The direct computation gives
Step 2 -Step 5 in the proof of the splitting theorem of [4] we slightly modify the proof therein to obtain the corresponding result with Theorem 2.5 in [4] . As above, if O is a critical orbit of action of a compact Lie group G we can simplify the assumptions in Theorem 3.1. Replacing Assumption G above we make: Assumption G ′ (i) Let the action of a compact Lie group G on H be C 3 -smooth and preserve the Riemannian-Hilbert structure ((·, ·)). We assume that X and Y are G-invariant and that the induced actions on them are C 3 -smooth with respect to their smooth structures, respectively. Furthermore, it is supposed that the Finsler structures ∥ · ∥ X and ∥ · ∥ Y are preserved under the G actions, i.e.,
(ii) The functional L is G-invariant, and O is an isolated critical orbit (being a C 3 critical submanifold) of L | X with the Morse index µ O .
With similar arguments to those above Theorem 1.2, applying [7, Remark 3.2] instead of using [7, Lemma 3 .1] to the map A x 0 we get a C 1 map
and that the map
is C 2 and has θ 0 x 0 as an isolated critical point of it. Define
where g · x 0 = x. It is a C 1 G-equivariant map satisfying
Applying the splitting theorem in [4] to
where Ξ :
, we get a topological embedding
where g · x 0 = x. It is easily checked that Ψ satisfies the following theorem. 
Since O = Gx we may assume that x n = g n · x, n = 1, 2, · · · , and that {g n } n∈N converges to g ∈ G because of the compactness of G.
whether it is as a subbundle of NO or as one of Y NO. Moreover
This implies that 
and hence
follows from Lemma 3.1 that there exists ρ > 0 such that
and
by the deformation retract
From (3.3), (3.4) and (3.5) 
. If the normal bundle NO of O is trivial, as in the proof of Corollary 1.3 we may show 
induce isomorphisms among their relative singular homology groups with coefficients in a field K. In particular, We can also define the fibrewise local degree and get a fibrewise version of [7, Theorem 2.12] . They are omitted.
Remarks and an auxiliary result
Suppose in Theorem 1.1 that the C 2 Banach-Finsler manifold (X , ∥ · ∥ X ) agrees with the C 2 Hilbert-Riemannian manifold (H , ((·, ·) )), and that the functional L is C 2 . Then the conditions (F ) and (C 2) are automatically satisfied for naturally chosen maps 
given by B α (x, e) = [τ α (x)] −1 • B x (τ α (x)e) • τ α (x) has a decomposition of maps B α = P α + Q α , where for each (x, e) ∈ U α × B H α (θ , ε), P α (x, e) ∈ L s (H α ) is a positive definitive linear operator and Q α (x, e) ∈ L(H α ) is a compact linear operator with the following property:
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